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Abstract— In this paper, we consider the problem of finding the number of zeros of a special class of analytic functions of
polynomial functions in prescribed regions, by subjecting the certain restrictions on the real and imaginary coefficient for a
certain stage by taking even and odd cases in our results. Our results generalized the earlier known results with the
hypothesis about some special restriction on the real part and monotonic on imaginary parts of the polynomial coefficients
and improved many theorems and corollaries. We have been working with the Enestrom-Kakeya theorem hypothesis
by about the number of zeros of a polynomial with restrictions. As special cases, the extended results yield much simpler
expressions for the upper bounds of zeros of those existing results with the different types of restrictions on the coefficients
of a polynomial and improved the many theorems and corollaries by taking analytic functions with complex coefficient.
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I INTRODUCTION following results to prove our theorems.
The famous result is known as Enestrom-Kakeya [1- Lemma 2.2. [4]: Let P(z) = Y2y a;z' % 0 be analytic
2]. In this literature [3-5] there exist extensions and function in |z| < 1 such that
. . . T
generalizations of the Enestrom-Kakeya theorem. larg(a;) — Bl < a < =;a;_4| < |a;| for
Finding approximate zeros of polynomial related to ) 2
analytic function is an important and well-studied i=012,..,n,.. Then _
problem. To find the number of zeros polynomial related laj —aj_4| < (lajl—laj_1] Jcosa + (laj|+]aj_1| )sina.
analytic function has already proved [6], by extending )
Min |z| < 1, then the nuber of zeros of f(z) in |z] <
Subsequently we have also generalized several L,
results [6-9] by constructing various coefficients. 0 < r < 1 does not exceed - log%.
log= 0
The purpose of this research paper is to generalize &t

and extend location of zeros of analytic and number of
zeros of analytic functions which are more interesting.
We establish the following results.

1. MAIN RESULTS AND DISCUSSION

Theorem 3.1. Let F(z) = Y2, a;z! # 0 be analytic
function in |z| < 1 such that

Il RELATED WORK T
larg(a;) — Bl < a < 7,

Aziz and Mohammgd [3]_ generalized the =0,1,2,...,1,... for some real §,a,
Enestrom Kakeya Theorem in a different way and # 0,k > 0and
proved the following by using Schwartz lemma. lagl = lay] < lay] = las] < |ag| = - < |ay_s|
Theorem 2.1. Let F(z) = Y2, a;z' Z 0 be analytic ; lariall issel:,l:rr;l = lanal
functionin |z| <t OR
Ifa; > 0anda; —ta; = 0,fori=1,2,3,... then F(2) lag| < |a;] = |ay] < laz] = lag] < -+ < |ap_,]
does not vanish in |z] < t. > |lag_1| < Kklay] = lagsql

. . . gmifnisodd
Our results will be discussed by using the

© 2020, IJSRMSS All Rights Reserved 146


http://www.isroset.org/

Int. J. Sci. Res. in Mathematical and Statistical Sciences

then (i) If n is even the number of zeros of F(z) in
|z] <1, 0 <r < 1does notexceed

(lagl + 2(k — 1)|ay ) (1 + cosa + sina) ]

n
1 +2cosa Y (lazl—lazi—4|) + 2sina 32, ay]

lo
log% & lagl

(i) If n is odd the number of zeros of F(z) in|z| <,
0 < r < 1 does not exceed

(lagl + 2(k — 1)|ay 1) (1 + cosa + sina)

n+1
+2cosa X, 2 (lagioq|=lazi—2|)
1 . log +2sina )2, a;]
log; lag]

Proof: Let F(z) =ag+a;z+a,z?+ -+ agz® + -
be analytic function.

Let us consider the polynomial G(z) =
that

G = (1- z)(a0 +az+az% + -+ az" + )

_a0+2(al all)Z

Now for |z| < 1 we have

|G(2)| < lagl+ |a; —ag | +|a; —a; | +]az—a,
+"'+|an—1 _an—zl
+|a, —ka, +ka, —a,_q |
+|an+1—kan+kan—an|

+Z|al a1 |

< lao| + |a1—a0|+|a2—a1|+|a3—azl+
+|an—1 dpn—2 | +002(k_ 1)|an|

(1-2)F(2) so

Hlkay = an s |+ [ Kap = ages [+ ) Jai—aiy |
i i=n+2
By using lemma 1 we get

|G(@)| < [agl + (lagl—la;| )cosa + (|ag|+]a;| )sina
+ (lazl—las] )cosa + (Jaz|+]a;| )sin
+ (lazl—las| Jcosa
+ (|az|+]az| )sina + -+
+ (lapn—z2|—lan-1| Jcosa
+ (lan—z|+lap-1| )sina
+(k |ap|—|ap_1] Jcosa
+(klap|+]a,—1] )sina + 2(k — 1D)]ay]
+ (k |ap|—lap41] Jcosa
+ (koLan|+|an+1| )sina

+ ) (laal - lail ) cosa

i=n+2
[oe]

£ (lail + lais]) sing,

i=n+2
if n is even
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= (Jag| + 2k|a,|)(1 + cosa + sina)
n

2
+ 2cosaZ( laz;] — lazi-1])
i;l
+ Zsina2| ajl
i=1
— 2]ap|(1 + sina + cosa)

= [(laol + 2(k—1)|a,D(1 + cosa + sina) +
20050 £, Jaz] = lai 1]) + 25ina 2, ayl |

Apply lemma 2 to G(z), we get then number of
zeros of G(z)in |z| < 1,0 < r < 1 does not exceed

(lag] + Z(k — 1Dl]ay|)(1 + cosa + sina) ]

1 +2C050(Z ( lazil—lazi—1|) + 2sina Y52, | ajl
18 la|
log— o
if n is even.

All the number of zeros of F(z)in|z| <r,0 <
r<1 is also equal to the number of zeros of
G(2)in|z| <1,0 <r < 1,ifniseven.

Similarly we can also prove for odd degree
polynomials by re-arranging terms in above proof.
That is if n is odd Apply lemma 2 to G(z), we get then
number of zeros of G(z)in |z| <,
0 < r < 1 does not exceed

(lagl + 2(k — 1)|ayD(1 + cosa + sina)

n+1
+2cosa Y, ? (lazi-1l=lazi_|)
1 . log +2sina Y2, | ajl
lOg? lao]
if n is odd.

All the number of zeros of F(z)in|z| <r,0 <
r<1 is also equal to the number of zeros of
G(2)in|z| <1,0 <r < 1,ifnis odd.

This completes the proof of theorem 3.1.

Corollary 3.2.. Let F(z) = ¥, a;z' # 0 be analytic
function in |z| < 1 such that

T
Jarg(a) — Bl S a < i

=0,1,2,...,n,... for some real 3,3,
# 0 and
lagl = la| < [az] = |az| < |ag| = -
= |an—1| =< |an| = |an+1|
> ---ifnis even
OR

< |an—2|
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lagl < lag| = laz] < lag| = |ay| < -+ < |ap_s|
= |an—1| < |an| = |an+1|
> ---if nis odd

\

then (i) If n is even the number of zeros of F(z) in
1
lz] < 3 does not exceed

lag|(1 + cosa + sina)

n
+2cosa 3.2 (|agil—lazi—1])
1 log +2sina Y52, | ajl
log2 |ao|

(if) If n is odd the number of zeros of F(z) in |zl <~
does not exceed

lag|(1 + cosa + sina)

n+1
+2cosa X, 2 (lagioq|—=lazi—2|)
1 log +2sina Y52, | a;]
log2 laol

Corollary 3.3. Let F(z) = Y2, a;z! # 0 be analytic
function in |z| < 1 such that
ag # 0,k > 0and
lagl = [a;| < laz| = |ag| < |ag| = -+ < |ap_,|
= |an—1| < klanl = |an+1|
> ---if nis even
OR
lag] < lag| = |az]| < [az] = |ay] < -+ < |ap_,|
= |ap-1| < klay| = |apl
> ---ifnis odd

then (i) If n is even the number of zeros of F(z) in
|z] < % does not exceed

(laol +2(k = Dlas)) l
1

n
+ .7_ ayi[—lazi-
1+ log Zl_l(l 21| | 2i 1|)
log2 lagl

(ii) If n is odd the number of zeros of F(z) in |z| < %
does not exceed

(lagl + 2(k — 1)[an|) l
n+1
1 +3.2 (layi_q|—|am_
14 log 2.4 (agzizql—lazi-2])
log2 lag|

Remark 3.4. By takingk =1 andr = % in theorem
3.1, then it reduces to Corollary 3.2.

Remark 3.5. By takinga =B =0andr = % in theorem
3.1, then it reduces to Corollary 3.3.

Theorem 3.6. Let F(z) = Y2, a;z! Z 0 be analytic
function in |z| < 1 such that
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a; = o +1iB;, Bi = Bisq for i=0,1,2...,a0 # 0,k
>0,and
O(OZO(1SO(220(3SO(4Z"'SO(n_2Zan_lﬁkan
> ay4q = - ifnis even
OR
0(0SO(120(2S0(320(4S"'S0£,1_2Zan_lﬁkan
> 0pyq1 = - ifnis odd

then (i) If n is even the number of zeros of F(z) in
|z] <r, 0 <r < 1does notexceed

]

[ lao| + [Bol — g + Bo
n
1 10g|+2[212:1(0‘2i—2 — 0zi1) + k(ap + oy ) — oy ]
1 [ao]
IOgF 0

(ii) If nis odd the number of zeros of F(z) in|z| <r,
0 < r < 1 does not exceed

ool + [Bol — g+ Bo ]

n-1
+2[%, 2 (a1 — az)
1 +k(an + |an|) - |an|]

g
log% laol

Proof: Let F(Z_) =ag+a;z+az®+ et apz" +
ap+1z"t + -+ be analytic function

Let us consider the polynomial G(z) = (z — 1)F(z) so
that

G(z) = (z— 1)@y t+a;z+az?+ -+ a,z"
+ apz™t )

= —a,+ Z:(ai_1 —a;)zl.
i1

Now for |z| < 1, we have

G < laol + ) a1 —a]
i=1

< Jotol + 1Bl + Y T ety = o

i=1
[oe]
+ Z| Bi—1 — Bi
i=1

= lag| + |Bol + 1 atg — 0y | + ]y —az |
+la; —oz |+ ]ag—oy |+
+|an—2_an—1|
+ | ap-q — ko, + ka, —ay |
+ | a, — ko, + koy —apyeq |

+ Z |ai—1_ai|+Z|Bi—1_Bi|

i=n+2 i=1
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< lag| + [Bol + (ag — ay) + (o — ay)
+ (ap —az) + (ay — az) + -
+ (kan - O(n—l) + Zg)( - 1)|an|

+ (Kt = ) + Y (@ =)
+ i(Bi—l —Bi)

2
< lag| + [Bol — ag + Bo + Z[Z(O‘zi—z — 0zi-1)
i=1
+ k(an + |an|) - |an|]

Apply lemma 2 to G(z), we get then number of
zeros of G(z)in|z| <r,0 < r < 1 does not exceed

lao| + [Bol — g + Bo

n
+2[Ziz=1(0‘21—2 — Opi—1) +
1 k(o + an|) — [ay|]

log
log% |aol

if nis even.

All the number of zeros of F(z)in |z| <,
0<r<1 is also equal to the number of zeros of
G(2)in|z| <r, 0<r<1,ifniseven.

Similarly we can also prove for odd degree
polynomials by re-arranging terms in above proof.

That is if n is odd Apply lemma 2 to G(z), we get
then number of zeros of G(z)in |z| <r,0 <r < 1 does
not exceed
[ ool + [Bol — g + Bo ]

n-1
+2[%, 2 (a1 — ayy)
M LR AT RN
log+ |aol

if nis odd.

All the number of zeros of F(z)in|z| <r1,0 <
r<1 is also equal to the number of zeros of
G(z)in|z| <r, 0 <r<1,ifnisodd.

This completes the proof of theorem 3.6.

Corollary 3.7. Let F(z) = ¥2,a;z' # 0 be analytic
function in |z| < 1 such that
a; =a; +ip;, B; = Pizq for i=0,1,2...,a5 # 0 and
Og 20 S0 203 S0y = S 0pp =0y <Ay
> 0py1 = -ifnis even
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O(0<O(120(ZSO(320(4S"'SOLH_2Zan_lﬁan
> 0pyq1 = - ifnis odd

then (i) If n is even the number of zeros of F(z) in
1
|z] < 5 does not exceed

[|0(o|‘:|30|_0(0+60]

1 |+2[ 15:1(0(21 — 0pi-1)]
og .
10g2 l |aO| J

(i) If nis odd the number of zeros of F(z) in |z| < %
does not exceed

lao| + [Bol — g + Bo

n-1
1 o +2[Zi=20 (azis1 — 03)]
log2 By

I
|

I
|

Remark 3.8. By takingk =1 andr = % in theorem
3.6, then it reduces to Corollary 3.7.

Theorem 3.9. Let F(z) = Y2, a;z! Z 0 be analytic
function in |z| < 1 such that
a; =a; +ifj,for i=0,1,2..,ap #0,0 <t <1,and
Qg S0 20 SO0U3 =0 S+ 2 0pp S Oy = T,
< Opy1 = Opyp = ---ifnis even
OR
Qg =0 S0y 203 S0y = = 0Upp < Oy = T,
< Opy1 = Opgp = ---ifnisodd

then (i) If n is even the number of zeros of F(z) in
|z] <r, 0 <r < 1does notexceed

n
I[ loto| + ag + 2[ X2, (i1 — Azi—z) ]|
1 10g|+ocn+1—r(ocn+Iocn|)+Iocn|+2{’iolﬁi|]|
1 1 |aol
08+

(ii) If nis odd the number of zeros of F(z) in|z| <r,
0 < r < 1 does not exceed

[ =R ]
log| — ag + Z[Zizzo (a5 — 0zi41)
Fane1 — Tl + [an]) + [an] + X2l Bi I]‘

|

log= | lao]
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Proof: Let F(z) = ag + a;z + a,z% + -+ apz™ +
ap1z"*1 + - be analytic function

Let us consider the polynomial G(z) =
S0 that

(z—1)F(2)

G(Z) = (Z -1 )(ao +a;z+ 3222 4+ 4 anZn
+ app izt 4+ )

=—a,+ Z( aj_; —a; )zl
i=1

Now for |z] < 1, we have
[ee)

G@I < lal + ) a4 —a;]
i=1

(o)
< fotol + 1Bl + ) oty = at |
i=1

+§:| Bi-1 — Bil

<logl + 1Bol +lag—ay [+ ]y —az |
+loay—az |+ ag—oy |+
+|an—2_an—1|
+ | ay_q — TOy + TO, — Oy |
+|an_Tan+Tan_an+1|
(o)

+ Z | g — |
i—n+2

+Z(|Bll|+|sl|)

< lao| + (0‘1 - 0(0) + (o — az) + (a3 — ap)
+ (a3 —ay) + -+ (ap_g — TO)
+ 2(1 - T)Ianl + (an+1 N Tan)

2
< lagl +ag+2[ ) (Azi—q — 0zi—z) + Apyq
=1

= Tty + D + el + Y 1By 1]

i=0
Apply lemma 2 to G(z), we get then number of
zeros of G(z) in |z|] < 1,0 < r < 1 does not exceed

n

loco 4‘0‘04'2[212 1(0(21 1~ Oi—2)

1 log Fong — (o + |ap|) + |an| + X200 Bi | ]
lOgl | |a0| |
r l J

if nis even.

All the number of zeros of F(z)in|z| <r,0 <
r<1 is also equal to the number of zeros of
G(z)in|z| <1, 0<r<1,ifniseven
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Similarly we can also prove for odd degree
polynomials by re-arranging terms in above proof.
That is if n is odd Apply lemma 2 to G(z), we get then
number of zeros of G(z)in|z| < 1,0 <r < 1 does not
exceed

[ &R 1
loo| = ag + 2[%; 2 (az; — azi-1)

Lo Hones = T + ool + gl + 5201 By 1]
10g1 lao]
ro|

I
| |

d

if nis odd.

All the number of zeros of F(z)in|z| <r,0<r<1
is also equal to the number of zeros of G(z)in |z| <,
0<r<1,ifnisodd.

This completes the proof of theorem 3.9.

Corollary 3.10.. Let F(z) = ¥2,a;z' # 0 be analytic
function in |z| < 1 such that
a; = a; +ifj,for i=0,1,2...,a, # 0,and
Qg S0 20 S0U3 =0 S 2 0pp S 0pyq = 0y
< Opy1 = Opy o = --ifniseven

A 20 S0y 203 S0y = - >o(n 2 S Qpo1 =0y
< Opy1 = Opgp = ---ifnisodd

then (i) If n is even the number of zeros of F(z) in
|z] < % does not exceed

n
[|ao| oo+ 2[ 52y (cgias — azol
og + 3200 Bi 1]

log2 [ BN

(i) If nis odd the number of zeros of F(z) in|z| < %
does not exceed

n+1

[|0(0| —ap t+ Z[Zz(azi - 0‘21—1)]
. + 320l Bi I
log2 EN

| |

Remark 3.11. By takingt =1 andr = % in theorem
3.9, then it reduces to Corollary 3.10.

By re-arrangement of terms in above two
theorems we get following theorem.

Theorem 3.12.. Let F(z) = ¥2,a;z' # 0 be analytic
function in |z| < 1 such that
a; = a; +ifj,for i=0,1,2...,ap # 0 and
0(020(1S0(2>a3<(x4> S Oy = Oy SOy
= 0pyqp = - ifnis even
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OR
(XOSal>O(2<O(3Z(X4S"'S0(n_22(xn_1SO(n
> 0pyq1 = - ifnis odd

then (i) If n is even the number of zeros of F(z) in

1
lz] < 5 does not exceed
n

lao] + &g + 2[ X2, (o — zi-1)

L g + 3l Bi ]
log2 2ol

(i) If n is odd the number of zeros of F(z) in |z| < %
does not exceed

n-1

|[|0(0| + oo + Z[Zz(azﬂl - 0‘21)]
+ 32| Bi

og| %2l i I

log2 EX

| J"

Proof: Proof of this theorem is similar to the proof of
above theorems.

V. CONCLUSION AND FUTURE SCOPE OF WORK

In this research paper we, generalized various known
results and established the number zeros of analytic
function with restricted coefficients in various cases by
constructing even and odd cases.

If someone interested to do in this paper they may
consider different types of coefficients and set up the
different results.
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